When a manipulator su ers a joint failure, its performance can be signi cantly affected. If the failed joint is locked, the resulting manipulator Jacobian is given by the original Jacobian, except that the column associated with the failed joint is removed. The rank of the resulting Jacobian then determines if the manipulator still has the ability to perform arbitrary end-e ector motions. Unfortunately, even at an operating con guration that has a relatively high manipulability index, a joint failure may still result in a singular Jacobian. This work examines the problem of determining the reduced manipulability of a manipulator after one or more joint failures. Con gurations that result in a minimal reduction of the manipulability index for any set of joint failures are determined.
I. Introduction
Kinematically redundant manipulators o er several advantages over conventional nonredundant manipulators including the potential for obstacle avoidance, torque minimization, singularity avoidance, and greater dexterity Ang92] Obviously, a complete joint failure in a nonredundant manipulator automatically results in the loss of full end-e ector control; however, with a kinematically redundant manipulator, one can design the manipulator such that the extra degrees of freedom will be able to compensate for the failure. This article examines the problem of determining the reduced manipulability after one or more joint failures have occurred.
Recall that the end-e ector velocities, _ _ n ] T . The reduced manipulator Jacobian i J then determines the kinematic properties of the degraded system. In this article, a local measure of fault tolerance is de ned that measures the performance of the degraded system relative to the original system.
In the next section, necessary and su cient conditions are derived for determining whether a manipulator with a single degree of redundancy is in a con guration for which the reduced system is singular. Using this condition, one can then develop strategies that will avoid such con gurations. Section III discusses how the manipulability of a manipulator is a ected by a joint failure. Once this has been determined, con gurations can be identi ed for which the manipulability is reduced by a minimum amount due to any joint failure. The case of multiple joint failures is considered in Section IV. Section V discusses the application of these results to motion planning and Section VI presents a fully general spatial example. Finally, conclusions appear in Section VII.
II. Fault Intolerant Con gurations
As mentioned earlier, a joint failure can essentially result in a manipulator being in a singular con guration, even if the original Jacobian is of full rank. It is easy to show, using column space arguments, that the rank of the reduced Jacobian satis es rank(J) ? 1 rank( i J) rank(J) (4) so that a single joint failure at a nonsingular con guration will not result in a multiple singularity. For applications that require a manipulator to work in a hazardous environment where joint failures are not unlikely, it would be bene cial to have a simple method for determining whether a joint failure will render a manipulator to be in a singularity. Necessary and su cient conditions for the reduced Jacobian to be singular in the case of a single degree of redundancy will be derived in this section.
A con guration will be said to be fault intolerant with respect to joint i if the reduced Jacobian i J is singular. Much of this article is dedicated to identifying fault intolerant con gurations and quantifying, at least locally, the fault tolerance of a con guration. It can be shown that a singular con guration for a planar revolute manipulator is characterized by the links being collinear. This geometric approach for identifying singularities can be applied to the problem of determining fault intolerant con gurations. If there is a failure in a joint other than the rst joint, then one can view the manipulator as an (n ? 1)-jointed robot with links i ? 1 and i replaced by a link connecting joints i ? 1 and i + 1 where it is assumed that the failure has occurred in joint i. One can then check to see if the links of the new manipulator are collinear. This is illustrated for a planar 3R manipulator in Fig. 1 . For this simple manipulator it is easy to geometrically identify the failure intolerant con gurations and to develop a physical intuition into the meaning of failure intolerance. For example, from Fig. 1(a) it is clear that a failure in joint one will result in a singular con guration whenever 3 = k since this failure is physically equivalent to having a two-link manipulator that is at a reach singularity. A failure in joint two will result in a singular con guration whenever the origins for link one, link three, and the end e ector are collinear, which is illustrated in Fig. 1(b) . A similar geometric argument identi es the family of con gurations represented in Fig. 1(c) as being intolerant to failures in joint three. It is important to note that the image of the fault intolerant con gurations is the entire workspace. In other words, for each end-e ector position in this example there is a fault intolerant con guration. This is easy to see from Fig. 1 (c) since this con guration can put the end e ector at any distance from the base. This is in contrast to end-e ector positions that correspond to the kinematic singularities that, for this example, partition the workspace into regions for which one would not need to worry about singularities. Thus, as this example illustrates, one cannot guarantee fault tolerance by simply restricting the workspace of the manipulator.
The ability to identify failure intolerant con gurations from purely geometric arguments becomes much more di cult for more general manipulators Hol85], Bur95]. Fortunately, a more analytical method for determining fault intolerant con gurations can be derived. The following theorem illustrates this for arbitrary manipulators that have a single degree of redundancy.
Theorem 1 Consider a manipulator with a single degree of redundancy. Suppose that for the con guration , J( ) is of full rank and that its null vector n J ( ) is known. Then 
so thatw is a nonzero null vector of J( ). As the nullity of J( ) is one, it follows that n J ( ) is a nonzero multiple ofw, proving that n i ( ) = 0. (() Suppose n i ( ) = 0. Let w denote the (n?1)-vector that is obtained by deleting the i-th component of n J ( ). It is easy to see that w is a nonzero vector satisfying i J( )w = J( )n J ( ) = 0. Hence the square matrix i J( ) has a nontrivial null space, proving that it is not of full rank.
Thus, the question of whether a particular joint failure results in a singular Jacobian has been reduced to merely checking the corresponding component of the null vector. As an application of this result, one can see that a seven degree-of-freedom anthropomorphic arm is fault intolerant with respect to an elbow joint failure since the corresponding element of the null vector is always zero (e.g., see WK92]). This is physically explained by noting that the only joint in the human arm that can change the distance from the shoulder to the wrist is the elbow joint. In most cases, the elements of the null vector will not be identically zero but will only be zero for certain special con gurations. For example, consider the same simple planar manipulator shown in Fig. 1 . For the con guration shown in Fig. 2 , the null vector is given by 1 0 0 ] T which shows that locally all of the redundancy is located in joint one and that the manipulator is intolerant to failures in either joint two or three.
This characterization of fault intolerant con gurations can also be used in conjunction with an augmented or extended Jacobian technique to devise a control strategy that will keep the manipulator away from these con gurations Bai85], Ege87], Ser89]. For example, one could require that the product of the elements of the null vector remain at a constant nonzero value throughout the desired end-e ector motion. However, as with any extended Jacobian technique, algorithmic singularities can limit the usefulness of such an approach Bai85], BW88].
III. Relative Manipulability Indices
One shortcoming of the characterization given in Theorem 1 is that it does not say anything about the reduced performance of the resulting manipulator other than determining whether it would be in a singularity. There are a variety of kinematic measures proposed to quantify the performance of a kinematically redundant manipulator Ang92], KB87]. These measures are often used to de ne optimal operating con gurations. One particular measure is the manipulability index Yos85a] de ned as
The manipulability index is a nonnegative quantity that takes on the value zero precisely at the singular con gurations of the robot. Con gurations that result in a relatively large manipulability index are usually considered to be good operating con gurations. However, the emphasis in this section will be in determining con gurations for which a joint failure will not result in a small manipulability index. This work investigates the fault tolerance of kinematically redundant manipulators by examining the manipulability indices of the reduced Jacobians i J relative to the manipulability index of the original Jacobian. Con gurations that result in a minimal reduction of the manipulability index for any joint failure are determined. Such con gurations are locally fault tolerant in the sense that the robot would not have a substantial reduction in its manipulability index after a joint failure.
To pursue this approach, we de ne the i-th relative manipulability index r i to be the ratio of the reduced manipulability index to the original manipulability; i.e., r i ( ) = w i (J) w(J) (w(J) 6 = 0)
where w i (J) = w( i J). 1 This quantity provides a measure of the amount of manipulability retained after a failure in the i-th joint. The relative manipulability indices clearly range from zero to one and are independent of the scaling applied to the linear or rotational components of J due to the normalization. In particular, if r i is zero, then the manipulability index of i J is also zero so that the manipulator is in a con guration that is fault intolerant with respect to joint i; in this case, a failure in the i-th joint is critical since it essentially renders the robot singular. At the other extreme, if r i is one, then a failure of the i-th joint has no e ect on the manipulability of the robot at that con guration. This is clearly true when the i-th column of J is the zero vector; after developing the necessary machinery, it should also be clear that the converse to this statement holds. This is precisely the situation illustrated in Fig. 2 where j 1 = 0 and thus the local behavior of the end e ector is completely una ected by a failure in joint one. If all joint failures are equally likely, then one possible measure of fault tolerance is to maximize the minimum relative manipulability index, i.e., to maximize min i r i ( ):
(8) 1 The case where w(J) = 0 is considered in Section V.
If certain joints are more likely to fail than other joints, one may instead want to maximize
where the nonnegative scalar quantities a i represent some weighting STB94].
To determine the relative manipulability indices, one can clearly calculate the reduced manipulability for each joint failure and divide by the manipulability of the original manipulator. However, it is possible to determine this information directly from a knowledge of the null space. This will rst be done for manipulators with a single degree of redundancy and then generalized to the case of multiple degrees of redundancy. The case of multiple failures will be considered in the next section.
It is rst noted that by the Binet-Cauchy Theorem,
where the summation is taken over the ? n m subdeterminants of J. For the case of a single degree of redundancy, this becomes
where once again w i (J) = w( i J). This gives a simple relationship between the overall manipulability index and the resulting manipulability indices due to a single joint failure. This can be rewritten as r 2 1 + + r 2 n = 1:
Equation (14) shows how the relative manipulability indices are distributed and clearly illustrates that the overall fault tolerance to all joint failures must be considered. In particular, if r j = 1 for some joint j, then the manipulator's con guration is fault intolerant with respect to any of the other joints. Once again, this is the case illustrated in Fig. 2 , where r 1 = 1 and r 2 = r 3 = 0.
It is important to note that the relative manipulability indices are intimately related to the null space of the Jacobian CW93]. To see this, rst note that for manipulators with a single degree of redundancy, a null vector n J can be determined by using n i = (?1) i+1 det( i J) i = 1; 2; : : : ; n (15) where n i is the i-th component of n J . Equation (15) follows from the Laplace expansion of the determinant, which, for the special case of a 2 3 Jacobian, results in n J being simply the cross product of the two rows of J. By taking absolute values of both sides of (15), one has
which gives the result that w(J) = kn J k:
By lettingn J be the unit length null vector n J = n J kn J k ; 
Note that (19) implies Theorem 1. One can also conclude from (20) that Jacobians for which the components of the null vector n J are of equal magnitude are optimal in terms of maximizing the minimum relative manipulability index given in (8 
Optimally fault tolerant con gurations have the property that each component of (22) has the same magnitude. One can show that this is equivalent to 2 + 3 = k . These are illustrated by the boldface lines in the contour plots of Fig. 3 and Fig. 4 . It is important to note that the image of the surface f j 2 + 3 = (2k + 1) g is the unit circle fx j kxk = 1g centered at the base in the workspace while the image of the surface f j 2 + 3 = 2k g is all of the workspace except the open unit disk centered at the base, i.e., fx j 1 kxk 3g.
Thus a signi cant portion of the workspace can be covered with the manipulator in an optimally fault tolerant con guration. Note that (20) can also be used to calculate optimal solutions to (9) and (10). In particular, the Jacobians that maximize (9) are characterized by having a i jn i j = a j jn j j while the Jacobians that maximize (10) are characterized by the null vector being a nonzero multiple of a 1 a 2 a n ] T . One can also consider the dynamics of a manipulator experiencing a locked joint failure LM92]. In this case, one is interested in the dynamic manipulability index, JH ?1 , where H is the moment of inertia matrix Yos85b]. This will, of course, modify the measure of failure tolerance for the various manipulator con gurations due to the e ect of the inertia matrix. Thus the relative dynamic manipulability will, in general, di er from the relative kinematic manipulability, as will the optimally failure tolerant con gurations. However, it is important to note that the failure intolerant con gurations will not be changed since they are strictly due to the singularities in i J. Thus if one is concerned with identifying a region in the joint space that is guaranteed to not be failure intolerant, one need only consider the kinematics LM92].
The above results have been illustrated for manipulators with a single degree of redundancy. These ideas can be easily generalized to include multiple degrees of redundancy as the following theorem shows. 
Proof: See Appendix A.
Like the one-dimensional case, this theorem has a very elegant physically intuitive interpretation. The magnitude of a joint's contribution to the null space, i.e. kN i k, is e ectively a measure of how much of the manipulator's total redundancy resides in that joint. Thus the more redundancy associated with a joint, the more tolerant the manipulator is to a failure in that joint. It is important to note that the matrix V 2 from the SVD of J is not unique; however, the space spanned by this matrix is unique and all possible V 2 matrices are related by orthogonal transformations. Since orthogonal transformations are norm-preserving, the results of the theorem are independent of the particular choice of V 2 . Once again, one should not make the manipulator completely fault tolerant to a particular failure unless it is known which particular joint failure is imminent. By Theorem 2, this would mean that kN i k = 1. Due to the fact that V is orthogonal, the norm of the i-th column of V T 1 would then be 0 so that the i-th column of J is the zero vector. Hence, having the manipulator in a con guration where there would be no loss of manipulability after a failure in joint i means that joint will not be able to contribute to the end-e ector motion prior to a failure. Optimal Jacobians would have similar null space properties as before. For example, a Jacobian with the property that each column of V T 2 is of equal norm is optimal in terms of maximizing the minimum relative manipulability index (see (8)). Such a Jacobian will be said to have the optimal reduced manipulability property.
IV. Multiple Joint Failures
It is possible that a con guration that is optimally fault tolerant in the sense of (8) may not be fault tolerant for two or more joint failures. For example, consider the Jacobian J = 1 0 ?1 0 0 1 0 ?1 ; (25) which is clearly fault tolerant to a single joint failure since joint three duplicates the motion of joint one and joint four duplicates the motion of joint two. A planar 4R manipulator con guration that corresponds to this Jacobian is given in Fig. 5(a) . One can see that J maximizes its minimum relative manipulability index since the columns of the matrix
are all of the same norm, thus satisfying the conditions of Theorem 2. However, if the second and fourth joints both fail, then the rank of the resulting Jacobian is one. Likewise, failures of the rst and third joints also result in a zero manipulability index. Thus, while (25) is optimally fault tolerant to single joint failures, it is not fault tolerant to multiple failures. In this section, conditions are derived for guaranteeing optimal fault tolerance with respect to multiple failures. As with the case of a single joint failure, the reduced manipulability resulting from multiple joint failures can also be determined from the SVD of J. For the case of two joint failures in say joints i and j, the manipulability index becomes w ij (J) = w(J) q kN i k 2 kN j k 2 ? (N i N j ) 2 = w(J)kN i kkN j kj sin ij j (27) where ij denotes the angle between the vectorsN i andN j . Note that the e ect of two failures on the reduction of the original manipulability is not simply the product of the individual joint failures. The manipulability will be reduced by a factor that is the product of the magnitudes ofN i andN j , i.e., the reduction due to considering the joint failures individually, along with the magnitude of the sine of the angle betweenN i andN j . Physically this makes sense, since the angle betweenN i andN j is related to how much the end-e ector motion due to joints i and j are correlated. If the sine of the angle between these vectors is zero, then these two joints not only contribute to the same direction of ende ector motion, but they are also the only joints that contribute to this particular direction (assuming a nonsingular J), thus resulting in a zero value of reduced manipulability. This is exactly the case illustrated by the Jacobian in (25) and its corresponding null vectors given in (26). The general case for an arbitrary number of joint failures is given by the following theorem along with a relationship between the relative manipulability indices.
Theorem 3 Suppose that a manipulator is in a nonsingular con guration and that there are f n ? m distinct joint failures occurring in joints i 1 ; i 2 ; : : : ; i f . Then the reduced 
Proof: See Appendix B.
Once again, it is important to note that all V T 2 matrices for a Jacobian di er only by a premultiplication of an orthogonal matrix. Since any such premultiplication by an orthogonal matrix preserves the inner product of the columns as well as the column norms, (28) does not depend on the particular choice of V T 2 . Theorem 3 can be used for identifying and designing con gurations that are multifault tolerant. For example, using (27) and some purely geometric arguments, one can choose a V 2 that is optimally fault tolerant to any two joint failures. 
Each column of (30) has length 1= p 2 in order to guarantee maximum worst-case manipulability for single joint failures, and each column (or its re ection) is at an angle of 180=n = 45 degrees from some other column in order to guarantee maximum worst-case manipulability for two joint failures. Obviously, since there are only two degrees of redundancy, any failure in three joints results in zero manipulability regardless of V 2 . An example of a Jacobian corresponding to the V 2 in (30) is given by 
which is optimally fault tolerant in a worst-case sense with respect to reduced manipulability for any set of joint failures. A planar 4R manipulator con guration that corresponds to this Jacobian is given in Fig. 5(b) . It is important to note that maximizing the angle between any twoN i andN j can allow one to also spread out the columns of the Jacobian so that for any j i (or its re ection) there is a j j that is 45 degrees away. This makes sense from a physical point of view since it makes the velocity that any two joints can impart to the end e ector overlap as much as possible. The more the columns of J overlap, the more other joints can compensate for a failed joint. To quantify this qualitative description, note that like (26), any single joint failure results in a reduced manipulability index of w(J)= p 2 so that 70.71 per cent of the original manipulability index is retained. However, for two joint failures, the reduced manipulability index becomes either w(J)=2 or w(J)=(2 p 2), which corresponds to retaining 50 or 35.36 per cent of the original manipulability, respectively.
Thus, (28) can be very useful for identifying con gurations that optimize worst-case reduced manipulability in the presence of possible joint failures. If two particular joints are more likely to fail, then by (27), one may want to keep the corresponding columns of V T 2 orthogonal to each other. One may especially want to do this when the failure of one joint becomes more likely with the failure of the other. If statistical data are known concerning the likelihood of the individual joint failures, this could be used to modify the criterion for optimal fault tolerance, e.g., maximizing the expected value of the reduced manipulability.
V. Discussion
This work has presented a local failure tolerance measure that is based on the classic de nition of dexterity given by the manipulability index. The value of the manipulabil-ity index following a locked joint failure is one useful metric for determining the absolute amount of dexterity available. The relative manipulability index was also introduced to provide a measure of fault tolerance relative to the manipulability prior to a failure. The relative index proved useful for gaining insight into the distribution of redundancy throughout the joints. However, it is important to emphasize that one should not use the relative index by itself since if the original manipulability index is small, then that con guration is probably not a desirable operating con guration, even though it may be optimal in terms of relative fault tolerance. This will be illustrated through a speci c example.
Consider the standard planar 3R manipulator with unit length links. Contour plots for the minimum manipulability index following a single locked joint failure are shown in Fig. 3 . Note that this measure is independent of 1 . The corresponding contour plots for the minimum relative manipulability index are shown in Fig. 4 . In comparing these two plots, the immediate obvious feature is that the zeros of these two functions coincide, as is expected, and that in general, larger values of reduced manipulability correspond to larger values of relative manipulability. However, it is imperative to appreciate that this is not always the case. For example, consider the optimal con gurations in terms of relative manipulability. These con gurations are characterized by lines of slope -1 that pass through the kinematically singular con gurations of the original manipulator, i.e., where 2 and 3 are integer multiples of (See Fig. 4 ). While the relative manipulability stays constant at its maximum value of 1= p 3, the reduced manipulability index (see Fig. 3 ) varies from its maximum to its minimum value along this line of con gurations. Clearly, the optimal value of the relative manipulability in these cases is a misleading indicator of the dexterity of the manipulator con guration. A redundancy resolution scheme that attempted to simply track the optimal value of the relative manipulability would have no indication of the reduction in the original manipulability and thus could inadvertently blunder into a kinematically singular con guration.
Even though relative manipulability indices are not de ned at singularities due to w(J) being zero, one can extend the de nition using the concept of a \constrained manipulability index." The constrained manipulability index can be de ned as the product of the p non-zero singular values of J, where p is the rank of J. The i-th relative constrained manipulability index r i can now be de ned as the ratio of the constrained manipulability index of i J over the constrained manipulability index of J. One Similarly, the relative constrained manipulabilty index for the case of multiple failures has the same form as given in Theorem 3 whereN i 1 ;:::;i f is now an (n ? p) f matrix. Like the nonsingular case, the relative constrained manipulability index at a singularity gives an indication of how much further dexterity is lost by locking a joint. In particular, when r i = 0, deleting the i-th column of J results in reducing the rank of J by one. Physically, this means that locking the i-th joint would result in a further reduction in the space of possible local end-e ector motions.
It is also important to note that a decrease in the minimum relative manipulability index does not inherently imply a poorer level of failure tolerance. In particular, since the sum of the squares of the relative manipulability indices are constrained to be constant (see (24)), the minimum r i can be decreased by simply increasing the reduced manipulability of the other joints faster than that associated with the minimum r i . Clearly, from a practical point of view, the resulting Jacobian would have increased its intuitive measure of failure tolerance.
VI. Spatial Manipulators
The results developed in the previous sections are completely general and can be applied to manipulators with an arbitrary number of degrees of freedom. However, when dealing with spatial manipulators one must be careful to consider the implications of the manipulability index. This section will comment on some of these issues and present a speci c example of how to calculate a manipulator Jacobian that possesses an optimal relative manipulability index. where ! i is the orientational velocity and v i is the linear velocity at the end e ector resulting from joint i. The units of the resulting manipulator Jacobian are not homogeneous so that an appropriate scaling of the rows associated with the linear components must be performed before the manipulability index is meaningful. There are many ways in which to select this scale factor that, of course, must be in units of inverse length. For example, in cases where the task being performed imposes a preferred precision in linear versus rotational errors then this scaling should be used so that least squares solutions produce the desired results. In the absence of task speci c scalings, one can scale the linear velocity components by the maximum reach of the manipulator, the maximum singular value of the linear Jacobian, or by the characteristic length TAR92]. Once scaled by an appropriate factor whose units are of inverse length, column norms become meaningful, as does the manipulability index. It should be pointed out that when scaling the linear part of the manipulator Jacobian by , the manipulability index becomes 3 times the manipulability index of the unscaled manipulator Jacobian. Hence, as mentioned earlier, the relative manipulability indices (7) are completely independent of whatever scaling is chosen since they are ratios of manipulability indices and thus not a ected by this scaling.
As a speci c example of applying the results of the previous sections, consider a spatial manipulator consisting of seven rotational joints. By Theorem 2, the unit null vector corresponding to an optimally failure tolerant Jacobian for this manipulator is given by n J = 1 p
There is a whole family of manipulator Jacobians that have this null vector. One particular example is J = : (36) As required each column satis es the condition that the positional part is orthogonal to the orientational part. Note that for this particular example the norms of the linear velocity components are equal to the norms of the rotational components. One can interpret this to mean that each of the joint axes is constrained to be separated from the end e ector by a distance that is equal to the characteristic length TAR92]. The reduced manipulability index is w i (J) = 4:452 = 1 p 7 w(J)
for all joint failures i where w(J) = 11:78:
The Denavit-Hartenberg parameters for a manipulator that is in a con guration that possesses this optimal Jacobian can be identi ed in a straightforward manner GAR93] and are given below. 
VII. Conclusions
This article discussed two local measures of fault tolerance based on the manipulability index as a measure of dexterity. The reduced manipulability index was de ned as the value of the manipulability following a locked joint failure and the relative manipulability index was de ned to quantify the relative loss of manipulability due to a joint failure. A convenient method was developed for determining these measures from the null space of the manipulator Jacobian. Using this result, one can determine con gurations that are locally optimal with respect to these measures of fault tolerance. These results impact the design of failure tolerant manipulators as well as the design of their intended workspace. In addition, they provide a basis for utilizing manipulator redundancy in anticipation of possible joint failures. 
Since Q preserves norms, the norm of the i-th column of (A11) is equal to the norm of the i-th column of V T 2 . Since the i-th column of N is the zero vector, it follows that the norm of the i-th column of (A11) is jn i j. Hence jn i j = kN i k, proving the result.
To prove (24), note that P n i=1 r 2 i is the sum of the squares of the magnitudes ofN i , which is also equal to the sum of the squares of the magnitudes of the n ? m columns of V 2 . Since each column of V 2 has unit norm, it follows that P n i=1 r 2 i = n ? m. (c) Fig. 1 The planar 3R manipulator con gurations shown represent examples of the three types of fault intolerant con gurations for this manipulator. These con gurations correspond to situations in which a single locked joint failure will e ectively result in a 2R manipulator in a singular con guration. Con gurations of the type shown in (a) are intolerant with respect to failures in joint one. These con gurations are characterized by 3 = k . Con gurations of the type shown in (b) are intolerant to failures with respect to joint two. These con gurations are characterized by the end e ector, joint one, and joint three being collinear. Con gurations of the type shown in (c) are intolerant to failures with respect to joint three. Analogous to the other two cases, these con gurations are characterized by the end e ector, joint one, and joint two being collinear. Fig. 2 A planar 3R manipulator with unit length links in a con guration for which the null vector is given by n J = 1 0 0 ] T . This also corresponds to having j 1 = 0 which physically means that the motion of joint one has no e ect on the velocity of the end e ector. Since all of the redundancy is e ectively located in joint one for this con guration, a failure in joint one has no e ect on the motion of the end e ector. Conversely, the manipulator is intolerant to a failure in either joint two or joint three. Fig. 5 Both of the planar 4R manipulator con gurations shown are optimal in terms of failure tolerance with respect to a single locked joint failure. The con guration in (a), however, is intolerant to two locked joint failures if either joints one and three or joints two and four fail. The con guration in (b) is optimally failure tolerant with respect to any two locked joint failures. Note that failure tolerance can be geometrically related to the degree that the columns of the Jacobian overlap with each other.
